We characterize Banach lattices in which every bounded sequence contains a subsequence which either converges in norm or satisfies a lower 2estimate. As a consequence we obtain, for the class of all Banach lattices, a positive answer to a question of D.J. Aldous and D.H. Fremlin whether a Banach space of cotype 2 satisfies the above-mentioned property.
Abstract.
We characterize Banach lattices in which every bounded sequence contains a subsequence which either converges in norm or satisfies a lower 2estimate. As a consequence we obtain, for the class of all Banach lattices, a positive answer to a question of D.J. Aldous Every bounded sequence (xn) in E has a subsequence which either converges in norm or satisfies a lower 2-estimate.
In this note we characterize the Banach lattices satisfying (AF). As a consequence we obtain that every Banach lattice of cotype 2 has property (AF) which solves a problem of D. J. Aldous and D. H. Fremlin (cf. [1, §9] ) for the class of all Banach lattices.
Our notation is standard and follows [3] . Let us recall the following definitions. A sequence (xn) in a Banach space E is called semi-normalized if it is bounded and infj|xn|| >0. A sequence (xn) in E satisfies a lower 2-estimate if there exists c > 0 such that for every n e N and every choice of scalars ax, ... , an e R, we have c(£l=1 Kl2)'/2 < II ELi akxkW • A sequence (xn) in a Banach lattice E is called disjoint if inf(|xn|, \xm\) = 0 for all n , m e N with n ^ m .
We begin with a lemma which occurs implicitly in the proof of . By the lemma, it is enough to show that, for a semi-normalized weakly null sequence (xn) in E there is a subsequence which satisfies a lower 2-estimate. We may assume that E is separable, otherwise we consider the closed separable sublattice of E generated by (xn). Since E is weakly sequentially complete, the Banach lattice E has order continuous norm [3, l.c.4, l.a.8]. There exists a probability space (Q, I, p) such that E can be identified as a vector lattice with an ideal of L,(Q, X, p), and with this identification we have 11yjv:11j < \\x\\E for all x e E, where j: E -* LX(Q, I, p) denotes the canonical injection (cf. [3, l.b. 14] ). Suppose there exists s > 0 such that £||x"||£ < IU^"Hi for every n e N. Then (jxn) is a semi-normalized weakly null sequence in L,(Q, Z, p). Since L,(Q, Z, p) has property (AF) [1, Theorem 6], a subsequence of (jxn) and then also a subsequence of (xn) satisfies a lower 2-estimate. If such an e > 0 does not exist we can find a subsequence (xn ) of (xn) and a disjoint sequence (yk) in E such that ||jcn -yk\\E <2~k, k e N (cf. [3, Proofs of l.c.10 and l.c.8]). Our assumption implies that there is a subsequence of (yk) satisfying a lower 2-estimate. Since %k\\xn -yk\\E < co there exists a subsequence of (xn ) which also satisfies a lower 2-estimate [1, Lemma 2] . This proves the theorem. □ D. J. Aldous and D. H. Fremlin [1, §9] asked whether every Banach space of cotype 2 has property (AF). From the Theorem we get that at least for Banach lattices this implication holds. We recall the following notions.
Let E be a Banach lattice. Then E has cotype q for some q > 2 if there exists a constant M > 0 such that, for every n e N and arbitrary vectors x., ... , x e E, we have Hence, the Theorem implies the following result.
Corollary. Let E be a Banach lattice of cotype 2, then E satisfies (AF).
The cotype 2 condition is not necessary for a Banach lattice to have property (AF). For instance, E := ®¡ l"p , the /,-sum of the sequence of spaces (R" , || • || ), satisfies (AF) for every sequence (pn) in [1, co] (cf. [4, Corollary 2.5, 1.3 Example (b)]). However, if limnpn = co then E has cotype co.
